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Limits, Derivatives, and Integrals

Assumptions
All functions, variables and constants are real valued.
f is a function. v and u are functions of a common independent variable.

x is a real valued variable; q, b, ¢, d and n are real number constants.

Limits

lim 32X = lim =€ _ g lim< 1 _ lim(1+lj ~1 lim(1+lj 2o

x>0 x x—0 X x—0 X x—0 X X—0 X
Derivative Definition and Properties

- . fx+h) - f(x) Ce . f(x)—f(a)
Definition General: f7(x) = lim ~——— ——— / At the point a: f"(a) = lﬁ‘}_f -
Properties (C”)’ =cu' (u i")l =u'y (”")I =u'vuy' (Ej = v—zuv
v v

Chain Rule [f(u(x))]’ = f"(u(x))u'(x)

L’Hépital’s Rule
Suppose f'and g are differentiable functions on an open interval containing @, but not necessarily at a, and
lim f(x) = lim g(x) = 0 or *ooand in the interval g'(x) # Oexcept possibly at a, if lim[ /"(x)/g'(x)]exists, or is oo then

lim f(x)/g(x) =lim f"(x)/g'(x). Moreover, this holds for the limits: x > a", x —> a’ or x —>+w.

Derivative of Basic Functions

If x is replaced with a function in the derivatives below the chain rule must be applied.

Constants, Power, Exponential and Logarithmic Functions

¢'=0 (x") =nx"" (1) (e)‘), _ o (bx)' —(Inb)b" b>0 (ln|x|), :i, x#0 (logb |x|)' :xl_ilb’ x#0,5>0

Trigonometric Functions

(sin x), =Cos X (cos x)’ =—sinx
(tan x)’ =sec’ x (cot x)' =—csc’x
(sec x)' =secxtanx (csc x)' =—cscxcotx

Inverse Trigonometric Functions

(Sin’1 x), = ! - (cos’l x), = . =
1-x 1-x
(tan'] x), = 1+1 S (cot'] x), = 1;12
X X
SPA N ayo_ L
(sec x) = |x|\/ﬂ (csc x) |x|\/x2_—1

(1) Forx>0andne™ and#0orx<0Oandn €[ inlowest terms with a positive odd denominator.
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Given functions /', g and 4 are integrable, and function F is an antiderivative of / the Fundamental Theorem of Calculus tells us

h(x)
Applying the chaln rule of differentiation gives,

“ e )dt——[F g(x))-

h(x)

Integrals of Basic Functions

[ = [ oy~ [ f0ydt = F(g())~ F(0)~ F (h(x)) + F(0) = F (g(x)) -

Constant, Power, Exponential, 1/x, and Logarithmic Functions

F(h(x)) .

F (1)) =S [F (@) |- [F (h9)] = £ (800 00— £ (he)H )

n+l

chx:cx+C J.x”dxzx 1+

n+

x

jbdezb—+c h>0
Inb

Ilnxdx=xlnx—

C, nzl jldx=ln|x|+C, x#0 J.exdx:e’”+C
X
x+C, x>0 Ilogbxdxzﬁ(xlnx—x)JrC, x>0, b>0

Trigonometric Functions

Isinxdx:—costrC

f tan

xdx = 1n|sec x| +C

J.cscxdx = ln|cscx—cotx| +C

:ln|tan(x/2)|+C

Jcosxdx =sinx+C

Icotdx = 1n|sinx| +C

Isecxdx =In|secx + tan x|+ C

= 1n|tan(7r/4+x/2)| +C

Inverse Trigonometric Functions

jsin'1 xdx=xsin x+1-x* +C J‘cos'1 xdx=xcos” x=+1-x* +C
jtan’l xdx=xtan” x—In\x*+1+C J.cot’l xdx=xcot” x+In\x*+1+C
J.sec’1 xdx = xsec™ x—ln‘x+\/x2 —1‘+C J.csc’1 xdx = xcsc™ x+ln‘x+\/x2 —1‘+C

. o e 2 2 2 2
Some Functions containing x" ta” and a” —x

1 1
j—dlen‘x+ X —a'|+C j—dlen(x+\/x2+a2)+C j dx—sm —+C——c0s Xic
X —a’ X’ +a Nl a
1 1 - 1 1 1
J. 3 zdx=—lnx Yic I > 2dx=—tan’l£+C=——cot’1£+C
X" —a 2a |x+a X +a a a a a
2
I\/xz —azdngxlxz -a’ —%az ln‘x+ X -a|+C J.\/az —xzdx:%sin’lf+§\/a2 -x*+C
a
Trigonometric Reductions
. -1. —1¢. 1 . -1 _
J.sm” xdx = —sin” 'xcosx+n—J.sm” 2 xdx Icos” xdx == cos” ]x51nx+n—Jcos” % Xdx

n

n

1 -1 _
J.tan” xdx =——tan"" x— J.tan” % xdx .[ cot” xdx = ——cot" —J-cot” % xdx
n-1 n—1
-1 n—2 1 B n—>2 N
Icsc" xdx =——csc"? xcotx + I csc" ™ xdx I sec” xdx = ——sec" xtan x + J.sec % xdx
n—1 n—1 n—1 n—1
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Proof of Limits
Proof Tim >
x>0 x
In the diagram to the left quadrant I of the unit circle is shown with two triangles and
%’ unit a sector drawn on the same angle 6. Since it is a unit circle the lengths OB =0D =1.
circle c The blue triangle AOBD has area (sin#)/2. The dotted triangle AOCD has area
\? (tanx)/2 . The sector formed by the arc BD has area 76/(27) =6/2
I\
1 : ‘,\\\ The area of AOBD is a subset of the area of the sector which in turn is a subset of the
0 P tand area of AOCD . This allows us to write,
sinf1 |
L sinf _6 _tand
I <—-< .
) 0 A b ,, 2 2 2
0 4 D We need to consider a negative € in quadrant IV so we can take the two-sided limit as

6 — 0. Since area is taken to be always positive, we add absolute value signs to each
area to ensure the area remains positive in quadrant IV,

sin @ < 4 < tan
2 2 2
Multiplying this equation by |2/sin 6|gives,
1< 4 < ! .
sind| |cosé

In quadrant I and I'V cos @ is positive and both # and sin @ have the same sign. This means all terms in the inequality are positive and
the absolute value signs can be removed,

1<6’£1

" sin@  cosd

Taking the reciprocal, we reverse the inequality signs.
1> sin@ > cos @
7

Apply the squeeze theorem with the limit x — 0.

. . sinx _ ..
liml > lim—— >limcos x

x>0 x—0 X x>0
. sinx
1>lim——2>1
x—0 X
. sinx
Iim—— =1
x—0 X

[m]
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. l—cosx
Proof lim =0.
x—0 X
. l—cosx . l-cosxl+cosx
lim =1lim
=0 x -0 x 1+cosx
1—cos® x
= m—-———-—-
-0 x(1+cosx)

. sin® x
=lim————
-0 x(1+4cosx)

. _sinx sinx
=lim————
=0 x (I+cosx)

. sinx .. sin x
=1lim -lim
=0 x 0 (14+cosx)
=1-0

O

X

Proof lim &L =1.
x—0 X

Use the definition

eélim(1+lj - e=lirr01(1+x)]/x

X—0 x
to write,
o1 (lim(l + x)]/x) -1

. . x50
lim =lim~==
x—0 X x>0 X

B (0l
x—0 X

x/x _
g DT L
x—=0 X

1+x-1

=lim
x—0 X

.X
=lim—
x>0 X

=lim1

x—0
=1

]

Proof lim(l+lj =1.

x>0 X
X n| lim +l i
lim(1+1] —e ["“*(' U
x—0 X

Focusing on the exponent on the right
above and utilizing L'Hopital's rule we
have,

ln[hm(l + l) J =limln (1 + lj
x—0 X x—>0 X
. 1

= llmxln(l +—j

x>0 X

In (1 + IJ
. X
=lim———£

x—0

R 1
xZ
=lim !
=0 1+1/x
=0.

Replace this result for the exponent in the
original equation,

lim(l +1j =¢
x—0 X

=1

[m]
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Proof of Derivatives

Derivatives of Power Function

For neZ andn>0:

, use binomial expansion for (x + h)" to write

n n n-1 n n-272 n n-1 n n
X'+ |X"Th| [XThT 4+ xh"" +h" —x
1 2 n-1

=nx""

m
For neZ andn<0:
Let m=—-n som >0 and the previous result can be used along with the
quotient rule:

- 1
X" =x" = -
X
-1
d _, 0-x"-mx"" -1
A 2
dx x"
_ mxmfl—Zm
_ mxfmfl
— nxnfl
m]

Forr e Rand x > 0,

y=x
Iny=Inx"
Iny=rinx
1 dy 1
vax | x
dy r-y
dx x|
_rex
Cx
="
o

Forr = p/q € Q where p and ¢ are in lowest terms
and q is odd, then x" is defined for all x < 0. Below
we show that the power rule for differentiation still
hold under these conditions.

p 4 14 4
We can rewrite x4 = ((—1) (—x))q = (—1Da(—x)q.
This can be decomposed into two cases depending on
the parity of p and using the property that for even p

4 P
we have (—1)9 = 1 and for odd p we have (—1)7 =
-1

14 14 14 14
Foreven p, x4 = (—1)4(—x)1 = (—x)1

P 14 14 P
Forodd p, x4 = (—1)4(—x)9 = —(—x)1.
With x < 0 the base of the exponent, —x, is positive,

and we can apply our previously established rule for
positive powers together with the chain rule.

P
With y = x4 and using the property that the difference

of and even and odd is odd so (—1) ¢ simplifies to
—1 for even p and the difference of two odds is even

so (—1) @ simplifies to 1 for odd p we can write,

d B » p—q
For even p, —(—x)1 = . (=x) 1 (-1 =

p-q9 p—-4q p—q

P w7 =P,
—=(-1) «a q == q
q( )@ x i
P p p—q
Foroddp, ——(—x)1 = —=(—x) ¢ (-1) =
p P-q p-4q P-q
;(—1)qxq ==-x1

Rewriting in term of » we have for both even and odd

pify =x" then‘;—z =rx""lm




www.cmtutoring.com

cameron(@cmtutoring.com

Derivatives of Logarithmic and Exponential Functions

[m]

d . et et Use implicit differentiation:
E(e' ) = %}1}3 P For positivelx:
=lnx
e’ (eh - 1) y
-l =
(eh - 1) e’ ﬂ =1
=e"lim dx
h—0 h dy ~ 1
Euler’s number e can be defined by the limit: ¢ £ lim(1+1/n)". d e
By substituting /4 =1/n this can be rewritten as e = kirr(}(l + h)l/ " di(ln x)= !
- X X
Substituting this for e above in the right side gives, g
((lim(l T h)l/h )h _ 1) For negative x let:
i(e" ) — e lim— " y =In(-x)
dx h—0 / h ey -y
h/h
- ((1+h) -1) v
=e¢'lim——~ CA |
h—0 h dx
o () d -1
e m h dx ¢
-1
_ o im —(In(-x))=—
=e £1£r(} P dx( ( )) X
= ¢*liml _1
h—0 X
-¢ Combined with the earlier result, —( 1n|x|) =—. O
o X
d d ([ d(Inx
—_— bx =—\e€e n 1 = — | —
dx( ) dx( ) (Ogb ) dx(lnbj
d xlnb 1 d
=—-\¢ =——(Inx
dx( ) g ax (")
=" nb 1
:elnb» Ind - xInb
=b"Inb O

Cameron McClintock
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m]

i(sinx) Mim sin(x + /) —sin(x) i(cos x) lim cos(x + h)—cos(x)
dx h=0 h dx 10 h
i sinxcos/h +cosxsink —sinx i cosxcosh —sinxsink —cosx
= |imm = 1m
h—>0 h h—0 h
I sin x cos —sinx+1. cosxsin# i COSXCOSh —Ccosx I sin xsin#
=lim im =lim —lim
h—0 h h—0 h h—0 h h—0 h
. . _(cosh —-1) . sinh . (cosh —-1) . .. sinhk
=sinx-lim——=+cosxlim =cosx-lim——=—sinxlim——
h—>0 h h—0 h—0 h h—0
=sinx-0+(cosx)l =cosx-0—(sinx)l
=COSX =-—sinx
] ]
d d ([ sinx d d (cosx
—(tanx)=— —(cotx)=—| =
dx dx\ cosx dx dx\ sinx
d . . d —sin® x—cos® x
COSX-——Sinx—sinx—cosx =
_ x dx sin” x
2
cos™ / —(sm2 X+ cos? x)
_cos’ x+sin’ x = S x
cos’ x 1
1 -
=— sin® x
cos” x ——csctx
=sec’ x -
]
d d 1 d d 1
—(secx)=— —(csex)=—| =
dx dx\ cosx dx dx\ sinx
0—(—sinx) _ 0—cosx
- COSZ X Sin2 X
1 sinx __ 1 cosx
© COSX COSX sinx sinx
=secxtanx =—cscxcotx
o
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y=sin"x — cos’y=1-x’

y=cos'x — siny=1-x’

y=tan"'x — sec’y=x+1

siny=ux cosy=x tan y = x
cosy%zl —siny%zl seczy%=1
dy 1 dy -1 dy 1
E_cosy E_siny a_seczy
cos y is always postive on the range sin y is always postive on the range 1
of sin”" x, y e [~7/2,7/2]. This of cos™ x, y €[0, ] This 14y’
allows us to place the denominator in allows us to place the denominator in =
absolute value signs. absolute value signs.
dy 1 dy -1
dx |cos y| dx |sin y|
1 -1
1-x° 1-x°
O O
y=csc'x = cot’y=x"-1 y=sec'x — tan’y=x"-1 y=cot”'x = csc’y=1+x>
csCy=x secy=x coty=x
—cscycotyﬂzl secytanyﬂzl —csczyﬂzl
dx dx
dy -1 dy 1 dy -1
E_Cscycoty E_secytany E_m
The domain of x =csc y is The domain of x =sec y is -1
y €[-7/2,0)U(0,7/2]. On this domain y€[0,7/2)U(x/2,7]. On this domain IS
O

cscy and cot y are always the same sign

so their product is always postive. This

allows us to place the denominator in

absolute value signs.
dy

dx

-1
|esc ycot y|

-1
- |x|\/x2 -1
O

sec y and tan y are always the same sign
so their product is always postive. This
allows us to place the denominator in
absolute value signs.

dy 1

dx |secytan y|

1
- |x|\/)c2 -1
O
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Proof of Integrals

Integral of Trigonometric Functions

12 =12 . . . .
J( / / jdu; using partial fraction expansion
u+l wu-

:__Uu+l "— J

1
:—E(1n|u+l|—ln|u—l|)

1. (u—1
=—In|—
u+l

u—lu-—1

S Y

2 |u+lu-1

(u=1)

—lln
2 u? -1

(cosx —1)2

2 | cos*x—1

2
(cosx—1)
=—In —
—sin® x
12
2
(cosx—1) ) -, .
=In|~———"| ; using |—s1n x|:sm x
sin® x
cosx—1 L .
=In|———; use | | to maintain postive root
sin x

= ln|cotx—cscx|+C = ln|cscx—cotx +C

[m]

sin x CoS X
jtan xdx = J dx Icot xdx = I_—dx
CcoS X sin x
sinx du . cosx du .
:J.— ——; u=cosx —> du=—sinxdx —I ; u=sinx — du=cosxdx
u -—sinx U COSX
1 1
:—J—du Zj—du
u u
= —Inu] = Inul
=—In|cosx|+C =In[sinx|+C
=In|secx|+C o
O
1
jcscxdxzj —dx jsecxdxzj dx
sin x Cos X
sin x CoS X
_J dx —j dx
sin® x cos’ x
J sin x _[ CcoS X
1—cos® x 1—sin? x
sinx —du . cosx du .
:J._2~_; u=cosx — du=-—sinxdx :J.—2—; u=sinx — du=cosxdx
1—u” sinx 1—u” cosx
1 1
:.I. 3 du :J‘ 2du
u —1 l-u

172 1/2 . . . .
= j /— + /— du; using partial fraction expansion
I+u 1-u

1( du duj
L
2\ 1+u 1-—u
:%(ln|l+u|—ln|l—u|)

1, [1+u
=—In|l—
2 |1-u

I+ul+u
In|———

1
2 [1-ul+u
(l-l-u)2

1—u?

(1+sinx)2

2 1—sin® x

(1+sin x)2

cos® x
2
(1+sinx)2
=In| *———
cos? x

1+sinx
=In|———

; use | | to maintain postive root
cos x

=1n|secx+tanx|+C

]
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J‘sin’l xdx = judv =uv —Ivdu

|
where u=sin" x and dv=dx

so that du = dx and v=x
1-x*
J‘sin’1 xdx = xsin” x —_[ Y ix
1-x*
let w=1-x> > dw=—-2xdx
P P X
sin” xdx = xsin~ x — | ———dw;

‘[ '[ —2x«/;

=xsin™

1 1
xX+—|—=dw
2I\/$

= xsin™ x+%2\/w

=xsin'x+4l-x* +C

O

-1

xvx® -1

Icsc'lxdx:judv:uv—"‘vdu; u=csc'x, dv=dx — du= dx, v=x

o x
= —d

xcse x+jx\/ﬂ 3
=xcsc’1x+j ! dx

x> -1
Let x = cscu so dx = —cscucotudu and cotu = x> —1
—cscucotu

—————du
Nescu? -1

a1 cscucotu
= XCSC x—J—du
cotu

=xcsc x+J.

=xcsc"x—J.cscudu
=xcsc™ x+In|cotu + cscul
=xcsc x-i—ln‘x+\/x2 —1‘

]

jcos'] xdx = J.udv = uv—J‘vdu

where u=cos' x and dv=dx

so that du = dx and v=x
1-x?
) ) X
Icos " xdx = xcos 1x+j dx
1-x*
X

see J‘sin’l xdx for solution to J. -
1-x

Icos’] xdx=xcos ' x—1-x>+C

m}

dx

J'sec‘1 xdx=J.udv=uv—J.vdu; u=sec'x, dv=dx — du=

:xsec’lx—_‘-#dx
2
xx?t =1
. 1
= xsec x—j dx
Jx? -1
0 secu tanu
=xse¢ x— | ———=du; x=secu — dx=secutanudu
Vsecu® —1
. secu tanu
= xsec x—j—du
tanu

=xsec! x—jsec udu
: x=secu — tanu=+x>-1
:xsec’lx—ln‘x+\/x2—l‘ o

= )656071 x—ln|secu +tanu

J-tan’1 xdx = Iudv =uy —Jvdu;

where u=tan"'x and dv=dx

so that du = 5 dx and v=x
1+x
-1 —1 X
Itan xdx = xtan x—I 2dx
1+x

Let w=1+x> > dw=2xdx

jtan’1 xdx = xtan™ x—J.de
2xw

=xtan x—ljldw
29w

=xtan™' x—%ln(l+x2)

=xtan ' x—Iny1+x* +C

O

Icot’lxdxzj.udv=uv—fvdu; u=cot'x, dv=dx - du= sdx, v=x

+Xx
X

=xcot™ x+ I dx, see J tan™" xdx for details on solving this integral

1+x°

=xcot' x+Inyl1+x2+C

]
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1
J.mdx

Letx=acscu — dx=-acscucotudu

and cotu =x* —a’ /a, u e[-7/2,0)0(0,7/2]

1 1
dx = —acscucotudu
'..\/ch—a2 '[a\/csczu—l
:—J. cscucotudu

cotu
:—Icscudu
=—In|cscu —cotu|+C,

2 2

X Nx —a
=—In|—- +C,
a a
XX -’ x+\/x2—a2|
=-In
a x+\/x2—a2|
a
=—In +C,
0
x+Vx’ —a’
=ln‘x+\/x2—a2 —-Ina+C,

+C,

j ! dx

Jxl+d’
Let x=atanu — dx=asec’udu and secu =~x*>+a’/a,
u e[0,7/2)U(0,7]

1 1
—_—di = | —— 2 ud
'|.\/x2+a2 ) J‘a\;’tan2u+lasec He
1 2
:I sec” udu
secu
=Isecudu

= 1n|secu +tanu| +C,

2 2
VX' +a’ +x
M AL Mol
a
=In x2+az+x‘—lna+C0

=In

N2 +ad? +x‘+C
Jxt+d? +x)+C

=In

—

O

dx

1
=
Let u=x/a — x=au and dx = adu

1 a

dx = du
J‘ }az_xz J. ’aZ_aZMZ

1
:'[ 1-u? .

=sin'u+C

=sin"' x/a+C
Since sin™' @ = 7/2—cos ™' 0,

1
J 7=

a —Xx

dx=sin" x/a+C =—cos™ x/a+C

O

Cameron McClintock
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J~ 1 dx. j\/xz —azdxand I\/a2 —x%dx

¥ ta®
1 1
dx dx
J‘xz—az J.x2+az
. . , 1/(2a) -1/(2a) Let u=x/a — x=au and dx = adu
Use the partial fraction expansion > = + .
X' —a xX—a x+a J- 1 dx=J. a du
1 1 1 1 x*+a’ au’ +a’
I ——dx=— _[ dx—.[ dx
x =1 2a\’ x—a x+a 1 1 d
= — 3 Uu
1 a‘u +1
:—(ln|x—a|—ln|x+a|)+C |
2a =—tan"'u+C
_ a
Ziln rTd +C 1
2a |x+a =—tan"' x/a+C
- a
Since tan™' @ = 7/2—cot™' 0,
1 | |
I—dxz—tan x/a+C=-=cot” x/a+C
a-x a a
O
I\Ixz —a’dx J.\/az —x’dx
2 2 Let x=asinu — dx = acosudu . This means
X —a
Letx=asecu — dx=asecutanudu and tanu = X
a u=sin" — ,
a

I«/xz —atdx = j\/az sec’ u—a’ (asecutanu) du
:J.(atanu)asecutanudu

= azj secu tan® udu

Rewrite the integrand using the Pythagorean identity,

sinfu  1-cos’u

secu tan® u= =sec’ u—secu

cos’u  cos’u
I\/xz -d’dx=a’ (J.sec3 udu —‘[secudu)

(1 1
=a Esecutanu+Eln|secu+tanu|—1n|secu+tanu| +C,

2
a 1
= ?secutanu—ga2 In|secu +tanu|+C,

2 2

X —da
—+C,
a a

%\/xz -a’ —%az ln‘x+\/x2 -a’ +%0¢2 ln|a|+C0
=§\/x2 -a’ —%az Injx+vx*—a*|+C

[}

. X at—x*
sinu =— and cosu =
a a

J\/az —x*dx = j\/az —a’sin’ u (acosu) du
= J\/az cos’u(acosu) du

= azJ‘cos2 udu

. . 1+cos2u
Use identity cos” u = —

:a—;.[du+§_‘-cos2udu

2 2
=—u+—sin2u
2 4

Use identitysin 2u = 2sinu cosu,

2 2
a

=—u+—2sinucosu
2 4

a® . x a*(x a’ —x*
=—sin —+—| = || ——
2 a 2\a a

2
a . X X
:751n ]—+E\/a2—x2+C

a
]
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Integral Reduction of Powers of Trigonometric Functions

. . =1 .
jsm”xdx = Jsm” xsin xdx

Let u=sin"" xand dv =sinxdx — du= (n —l)sin”’2 X Cos xdx
and v=-COSX
Isin"xdx = Iudv

= uv—jvdu

=—cosxsin"" x + Icosx(n —1)sin"? xcos xdx
=—cosxsin"" x + J‘cos2 x(n—1)sin" " xdx
=—cosxsin"" x + '[(1 —sin? x)(n —1)sin" " xdx
=—cosxsin"" x+(n —I)J‘sin”’2 xdx —(n —1)Isin" xdx

n_[sin" xdx = —cosxsin"" x+(n— I)J.sin"'2 xdx

) -1 e n=1),
jsm"xdx=—cosxs1n"1x+( )J-sm”zxdx O
n n

Icos” xdx = J‘cos"’l X cos xdx
Let u =cos" " xand dv = cos xdx —
du=—(n—1)cos"* xsinxdrand v =sin x
Icos" xdx = Iudv

=uv— _[vdu

-1 . . _2 .
=cos"” xsinx+ (n —1) | sinxcos"™* xsin xdx

=cos" " xsinx+(n Isinz xcos" 2 xdx

=cos"" xsinx+(n- (1 —cos’ x)cos”‘2 xdx
n—1 . n-2 n
=cos"" xsinx+(n—1)cos xdx—(n—l)jcos xdx

n=2

c
-1 .
njcos” xdx = cos"" xsinx (n—l)J-cos xdx

1 . n-1 _
Jcos” xdx = —cos” 1xsmx+—J‘cos” 2 xdx o
n n

J.tan”xdx = J‘tan”’2 xtan® xdx
= J‘tan"’2 x(sec2 x—l)dx
= J‘tan”’2 xsec? xdx —J.tan”’2 xdx

n=2

Let u=tan" > x and dv=sec’ xdx —

du= (n —2)tan"’3 xsec’ xdxand v = tanx
.[tan"’2 xsec” xdx = judv
= uv—J.vdu
=tan""' x— Itan x(n—2)tan"" xsec’ xdx
=tan"" x—(n— 2)J tan”" "> xsec’ xdx

(n— 1).[ tan"* xsec’ xdx = tan"" x

_ 1 _
Itan" 2 xsec? xdx = —ltan" 'x
"

1
Itan" xdx=——tan"" x— J.tan"’2 xdx ]
n—1

Icot”xdx = jcot”’2 xcot” xdx
= J.cot”’2 x(c502 x— 1) dx
= _[cot"’2 xesc’ xdx — J.cot"’2 xdx

n=2

Let u=cot”*x and dv=csc’ xdx —

du=—(n—-2)cot"” xcsc® xdxand v =—cotx
Jcot"’2 xesc” xdx = judv
=uv— J. vdu
=—cot"" x— Icot x(n—2)cot" xesc? xdx
=—cot"' x—(n— 2)I cot"? xcsc’ xdx
(n —I)J cot”? xcesc® xdx =—cot" ' x

n-1

_ -1
Jcot" 2 xcsc? xdx = —1c0t X
n—

-1
_[cot" xdx =——cot" "' x —jcot”’2 xdx O
n—1

Icsc” xdx = J.csc"’2 xcsc? xdx

Let u =csc”" > x and dv = csc’ xdx —
du =—(n—2)csc" > xcot xdx and v =—cotx

jcsc” xdx = Iudv
= uv— [ vdu
——esc™ xeot v (n-2) oot xese™ xds
=—csc”* xcotx—(n— 2).[ (0802 - 1) csc" ™ xdx
=—csc"” xeotx—(n— 2)(Icsc" xdx —J.csc"’2 xdx)
= —csc" xeotx—(n—2)[ esc” xdx +(n—2)[ csc” ™ xdx
(n- 1)_[csc" xdx =—csc" " xcotx +(n— Z)J.csc”'z xdx

n-2

1 .
Jcsc" xdx =——csc" " xcotx +

J.csc”’2 xdx O
n—1 n—

I sec” xdx = I sec" 2 xsec’ xdx

Let u=sec"*x and dv =sec’ xdx —

du=(n-2)sec”" xtanxdx and v = tan x

‘[sec” xdx = Iudv
=uv— [velu
=sec" 2 xtanx—(n—2) j tan® xsec” > xdx
=sec" > xtanx—(n— 2).[(5602 — l)sec”’2 xdx
=sec" > xtanx—(n—2) (J' sec” xdx — J.sec"’2 xdx)
=sec" > xtanx—(n—2) j sec” xdx +(n —2)jsec"-2 xdx
(n-1) j sec” xdx =sec”> xtan x + (n — 2)jsec"-2 xdx

n-2

1 -
J sec” xdx = ——sec" " xtan x +

J.sec"’2 xdx O
n—1 n—
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Derivative, Area, and Integral Relationship
An intuitive explanation of the relationship between area, the derivative, and anti-derivative or integral is given below.

We are given a function f'that is continuous on some interval. Let F' describe the area of the region bounded between fand the x-axis
over the interval.

Chose a point x and a nearby point x + /4 in the interval. The area of this region if then F(x+h)—F(x).
This area can also be approximated as f'(x+ /) Afor small 4 so,
F(x+h)-F(x)= f(x+h)-h

F(x+h)-F(x) ~ f(x+h)
h
If we take lim /s — 0 the approximation becomes exact, the left side becomes the F’'(x) and the right side fix): F'(x) = f(x).

This shows that the derivative of the function that describes the area under a curve is the function that describes that curve.



